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1. Introduction
Let us consider the Maxwell–Chern–Simons–Higgs energy functional without gauge ﬁelds:
EMCS(u,N) =
∫
Ω
|∇u|2 + 1
2q2
|∇N|2 + |u|2N2 + q
2
2ε2
∣∣(|u|2 − 1)+ κεN∣∣2. (1.1)
Here, Ω ⊂ R2, u : R2 → C, N : R2 → R, and κ,q, ε are positive real numbers. This functional comes from the nonself-dual
Maxwell–Chern–Simons–Higgs model for anyonic superconductivity introduced in [13]. If we consider the static energy of
this model without gauge ﬁelds, we are led to (1.1). One can refer to [5] for derivation of (1.1) and to [17,18] for general
review of mathematical aspect of self-dual Chern–Simons gauge theories. Historically, (1.1) was initiated as an effort to unify
the classical Ginzburg–Landau theory (or the Abelian–Higgs model) and the pure Chern–Simons theory [2,10,11]. Indeed, if
we set
κ = 0, q = 1/√2, N ≡ 0 (1.2)
in (1.1), then EMCS reduces to the Ginzburg–Landau (or Maxwell–Higgs) energy functional
EGL(u) =
∫
Ω
|∇u|2 + 1
4ε2
(|u|2 − 1)2. (1.3)
On the other hand, if we take the limit
q → ∞, N = 1
κε
(
1− |u|2) (1.4)
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ECS(u) =
∫
Ω
|∇u|2 + 1
κ2ε2
|u|2(|u|2 − 1)2. (1.5)
The mathematical formulation and justiﬁcation for limits (1.2) and (1.4) on bounded domains can be found in [5,8]. The
Euler–Lagrange equations for the functional EMCS, called the Maxwell–Chern–Simons equations (MCSE), are
−u + uN2 + q
2
ε2
u
(|u|2 − 1+ κεN)= 0, (1.6)
−N + 2q2|u|2N + κq
4
ε
(|u|2 − 1+ κεN)= 0. (1.7)
The Euler–Lagrange equations for the functionals EGL and ECS are given by
−u + 1
2ε2
u
(|u|2 − 1)= 0 (1.8)
and
−u + 1
κ2ε2
u
(|u|2 − 1)(3|u|2 − 1)= 0. (1.9)
Eqs. (1.8) and (1.9) are called the Ginzburg–Landau equation (GLE) and the Chern–Simons equation (CSE), respectively. In
this paper, we are interested in the properties of solutions of these equations on R2. First, let us review the known results
of solutions of those equations.
There are lots of important works for GLE on bounded domains. One of them is the characterization of the asymptotic
behavior for solutions on bounded domains as ε → 0 which was established in [1]. This result is used frequently in the
estimates of solutions near ∞ as in [16] when we consider GLE on R2. In R2, it was proved in [4,9] that there exists
a unique radial solution of type u(r, θ) = f (r)eidθ satisfying f (r) → 1 as r → ∞ for every integer d. In particular, they
estimated the decay rates of 1− f (r) and f ′(r) near ∞ which yields the quantization of potential energy:
ΦGL = πd2, ΦGL = 1
4ε2
∫
R2
(
1− |u|2)2.
In [3], the authors showed that every solution of (1.8) with ΦGL < ∞ satisﬁes the quantization ΦGL = πd2 for some integer d.
This phenomenon gives a question: is u of the form u(r, θ) = f (r)eidθ if u is a solution of (1.8) with ΦGL = πd2? The answer
is positive for |d| = 1 as was proved in [15] by use of the result of [1,3,16]. While the general case is still open.
It is natural to develop the same theory for CSE and MCSE since they come from a generalization of the Ginzburg–Landau
theory. The ﬁrst result for CSE is given by [12] where the authors considered ECS as a generalization of EGL and obtained
the asymptotic behavior of minimizers on bounded domains as ε → ∞ following the idea of [1]. Similar results for MCSE
(1.6) and (1.7) can be found in [5,7].
One of the differences between GLE and CSE on R2 is that the ﬁniteness of the potential energy ΦGL yields the state
|u| = 1 at ∞ while the ﬁniteness of potential for CSE
ΦCS =
∫
R2
1
κ2ε2
|u|2(|u|2 − 1)2
yields two states |u| = 0,1 at ∞. When u(∞) = 1, u is said to be topological. When u(∞) = 0, u is called nontopological.
Therefore it is an interesting question if CSE with ΦCS < ∞ admits solutions with |u| = 0,1 at ∞ and the quantization of
the potential hold true for both cases analogous to GLE. For the existence of solutions to CSE in R2, it was proved in [6]
that CSE admits a radial solution of type u(r, θ) = f (r)eidθ satisfying f (r) → 1 as r → ∞ for every integer d. However, the
uniqueness problem of such solutions remains unsolved. Concerning the quantization effect for CSE, it was shown in [14]
that a quantization ΦCS = πd2 hold true when u is a solution of (1.9) satisfying
ΦCS < ∞ (1.10)
and
|u| → 1 as |x| → ∞. (1.11)
A natural question is the following: can we remove the additional condition (1.11) to obtain quantization? Furthermore, does
CSE with ΦCS < ∞ have a solution with u(∞) = 0 and give a quantization of ΦCS? It was proved in [6] that there exists
no solution of CSE having the form u(r, θ) = f (r)eidθ with f (∞) = 0, which implies the possibility that CSE only allows the
state |u| = 1 at ∞. This and the ﬁrst question turn out to be true by the following theorem.
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(i) Eq. (1.9) has no solutions satisfying
|u| → 0 as |x| → ∞, (1.12)
except the trivial solution u ≡ 0.
(ii) Let u be a solution of (1.9) satisfying (1.10) Then, we have (1.11) and
|u| 1 in R2, (1.13)
∇u ∈ L∞(R2). (1.14)
Moreover, ΦCS = πd2 for some integer d.
Next, we consider the quantization problem for MCSE. In this case, the ﬁniteness of potential
ΦMCS =
∫
R2
|u|2N2 + q
2
2ε2
(|u|2 − 1+ κεN)2
gives two kinds of states at ∞:
|u| = 1, N = 0 or |u| = 0, N = 1
κε
.
The former is called topological while the latter—nontopological. As in CSE, MCSE allows only the topological states at ∞.
Moreover, we obtain a quantization effect for topological solutions as established in the next theorem.
Theorem 1.2.
(i) Eqs. (1.6) and (1.7) admit no solutions satisfying
|u| → 0, N → 1
κε
as |x| → ∞, (1.15)
except the trivial one (u,N) = (0,1/κε).
(ii) Let u be a solution of (1.6) and (1.7) satisfying
ΦMCS < ∞ (1.16)
and
u,N ∈ L∞(R2). (1.17)
Then, we have
0< N <
1
κε
(
1− |u|2) in R2, (1.18)
∇u,∇N ∈ L∞(R2), N ∈ H2(R2), (1.19)
|u| → 1, N → 0 as |x| → ∞. (1.20)
Moreover, the following quantization hold true: for some integer d,
ΦMCS = πd2. (1.21)
As in the case of GLE and CSE, it is expected that the quantization (1.21) is valid under (1.16) without the additional
assumption (1.17). This is true if κ and q are small.
Theorem 1.3. Let (u,N) be a solution of (1.6) and (1.7) satisfying (1.16). If
2κ2 + q2  8, (1.22)
then we have (1.17), and hence the quantization (1.21) is valid.
In the following sections, we prove the above theorems in order. Throughout the remaining part, we write Br = {x ∈ R2:
|x| r} and Sr = ∂Br . Moreover, ∂u/∂ν and ∂u/∂τ stand for the normal and tangential derivatives of u on Sr , respectively.
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In this section we prove Theorem 1.1 in two steps. To begin with, we need the following lemma which is useful for a
comparison argument.
Lemma 2.1. Let v be a C2-function in R2 satisfying that v → 0 as |x| → ∞. Suppose that there exist positive constants α and R such
that
v  α2v, ∀|x| R.
Then, for |x| R,
v(x) Ke−α|x|, K = eαR sup
|x|=R
v.
Proof. Let f (x) = Ke−α|x| for |x| R . Then, we have
(v − f ) α2(v − f ).
The maximum principle implies that v  f for |x| R . 
Proof of (i). The proof follows from the decay estimate for solutions near the inﬁnity and the Pohozaev identity. Let u be a
solution of (1.9) with (1.12). We deduce from (1.12) that for all large |x|,
|u|2 = 2|∇u|2 + 2
κ2ε2
|u|2(|u|2 − 1)(3|u|2 − 1) 2
κ2ε2
(
1+ o(1))|u|2
and
|∇u|2 = 2∣∣D2u∣∣2 + 2
κ2ε2
(
1− 8|u|2 + 9|u|4)|∇u|2 + 2
κ2ε2
Re
(
u¯2∇u · ∇u)(6|u|2 − 4) 2
κ2ε2
(
1+ o(1))|∇u|2.
Hence, there exists a constant R > 0 such that for |x| R ,

(|u|2 + |∇u|2) 1
κ2ε2
(|u|2 + |∇u|2). (2.1)
Since u → 0 as |x| → ∞, it follows that |∇u| → 0. In fact, given y ∈ R2, let v y(x) = u(y + x) for x ∈ B1. Then,
supx∈B1 (|v y(x)| + |v y(x)|) → 0 as |y| → ∞, which implies by the elliptic estimates that |∇u(y)| = |∇v y(0)| → 0 as|y| → ∞. Now, we can apply Lemma 2.1 to (2.1) to conclude that
|u|2 + |∇u|2  Ce−α|x|, (2.2)
where
α = 1
κε
, C = eαR sup
|x|=R
(|u|2 + |∇u|2).
Let us multiply (1.9) by x · ∇u¯ and take the real part of the integration of it on BR . Then, it comes from (2.2) that
0= Re
∫
BR
(−u)(x · ∇u¯)+ 1
2κ2ε2
∫
BR
x · ∇[|u|2(|u|2 − 1)2]
= R
2
∫
SR
[∣∣∣∣ ∂u∂τ
∣∣∣∣
2
−
∣∣∣∣ ∂u∂ν
∣∣∣∣
2
+ |u|2(|u|2 − 1)2]+ 1
κ2ε2
∫
BR
|u|2(|u|2 − 1)2
= o(1)+ 1
κ2ε2
∫
BR
|u|2(|u|2 − 1)2
as R → ∞. As a consequence, |u(x)|2(|u(x)|2 − 1)2 = 0 for all x ∈ R2, which implies by (1.12) that u ≡ 0. This completes the
proof. 
Proof of (ii). We proceed as in [3]. If ϕ = |u|2 − 1, then we have
ϕ = 2|∇u|2 + 2
2 2
|u|2(|u|2 − 1)(3|u|2 − 1) 2
2 2
|u|2(3|u|2 − 1)ϕ.
κ ε κ ε
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derive from (1.10) that∫
R2
ζn
∣∣∇ϕ+∣∣2 + 4
κ2ε2
∫
R2
∣∣ϕ+∣∣2  1
2
∫
R2
(ζn)
∣∣ϕ+∣∣2  C
n2
∫
R2
|u|2∣∣ϕ+∣∣2  C
n2
.
Hence, ϕ+ is a constant which becomes zero by (1.10). This proves (1.13). Since |u|  1, the standard elliptic estimate
for (1.9) implies (1.14).
On the other hand, (1.10) implies that |u(x)|2(|u(x)|2 − 1)2 → 0 uniformly as |x| → ∞. Otherwise, we would ﬁnd a num-
ber η > 0 and a sequence xk with |xk| → ∞ such that |u(xk)|2(|u(xk)|2 −1)2 > η. Since ∇u ∈ L∞(R2), we can ﬁnd a number
δ > 0 independent of k such that |u(x)|2(|u(x)|2 − 1)2 > η/2 if |x− xk| < δ. Thus, we have
πδ2η
2

∫
Bδ(xk)
|u|2(|u|2 − 1)2 → 0
as k → ∞, a contradiction. As a consequence, either |u(x)| → 0 or |u(x)| → 1 as |x| → ∞, and we ﬁnally arrive at (1.11)
by virtue of the statement (i). Once we prove (1.11), (1.13) and (1.14), it is easy to establish the quantization of ΦCS by the
result of [14]. 
3. Proof of Theorem 1.2
This section provides the proof of Theorem 1.2 which is split into four steps.
Step 1. If (u,N) is a solution of (1.6) and (1.7) satisfying (1.15), then there exist positive constants R , C and γ such that for
all |x| R ,
|u|2, (1− κεN)2, |∇u|2, ∣∣∇(1− κεN)∣∣2  Ce−γ |x|. (3.1)
Proof. Let M = 1− κεN . By some calculation, we obtain
|u|2 = 2|∇u|2 + 2Re(u¯u) 2|u|2N2 − 2q
2
ε2
|u|2M
and
M2 = 2|∇M|2 − 2κεMN  2κ2q4M2 − (4κεq2N + 2κ2q4)|u|2M.
Hence, taking (1.15) into account, we deduce that

(|u|2 + M2) [2N2 −(2q2
ε2
+ 4κεq2N + 2κ2q4
)
M
]
|u|2 + 2κ2q4M2
=
[
2
κ2ε2
+ o(1)
]
|u|2 + 2κ2q4M2
 α21
(|u|2 + M2)
as |x| → ∞, where α1 = min{(κε)−1, κq2}. By Lemma 2.1, there exists a constant R1 such that for all |x| R1,
|u|2 + M2  C1e−α1|x|, C1 = eα1R1 sup
|x|=R1
(|u|2 + M2).
On the other hand, a simple computation yields that
|∇u|2 = 2∣∣D2u∣∣2 + 2Re[∇u¯ · ∇(u)]

(
2N2 + 4q
2
ε2
|u|2 − 2q
2
ε2
M
)
|∇u|2 + 2Re
[
− 1
κ
εu¯N∇u · ∇M + q
2
ε2
u¯2(∇u · ∇u)− q
2
ε2
u∇u¯ · ∇M
]
and
|∇M|2 = 2∣∣D2M∣∣2 + 2∇M · ∇(M) (2κ2q4 + 4q2|u|2)|∇M|2 − 4Re(2κεu¯N∇u · ∇M + κ2q4u¯∇u · ∇M).
Considering (1.15) and using the Young inequality, we derive that for all suﬃciently large |x|,

(|∇u|2 + |∇M|2) ( 2
2 2
+ o(1)
)
|∇u|2 + (2κ2q4 + o(1))|∇M|2  α22(|∇u|2 + |∇M|2)κ ε
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we can use Lemma 2.1 to show that there exists a constant R2 satisfying
|∇u|2 + |∇M|2  C2e−α2|x|, C2 = eα2R2 sup
|x|=R2
(|∇u|2 + |∇M|2)
for all |x| R2. This ﬁnishes the proof. 
Step 2. We prove the statement (i) by the Pohozaev identity. Let (u,N) be any solution of (1.6), (1.7) and (1.15). Let us
multiply (1.6) by 2x · ∇u¯ and take the real part of the integration of it on Br . Then we have
2Re
∫
Br
(−u)(x · ∇u¯)+ (uN2)(x · ∇u¯)+ q2
ε2
u
(|u|2 − 1+ κεN)(x · ∇u¯) = (I)+ (II)+ (III). (3.2)
Similarly, if we multiply (1.7) by x · ∇N/q2 and integrate it, then we have
1
q2
∫
Br
(−N)(x · ∇N)+ 2q2|u|2N(x · ∇N)+ κq
4
ε
(|u|2 − 1+ κεN)(x · ∇N) = (IV)+ (V )+ (VI). (3.3)
Integration by parts makes
(I) = −r
∫
Sr
∣∣∣∣ ∂u∂ν
∣∣∣∣
2
+ r
∫
Sr
∣∣∣∣ ∂u∂τ
∣∣∣∣
2
and
(IV) = − r
2q2
∫
Sr
∣∣∣∣∂N∂ν
∣∣∣∣
2
+ r
2q2
∫
Sr
∣∣∣∣∂N∂τ
∣∣∣∣
2
.
Next, we consider (II)+ (V ):
(II)+ (V ) =
∫
Br
x · ∇(|u|2N2)= r ∫
Sr
|u|2N2 − 2
∫
Br
|u|2N2.
Finally, we have
(III)+ (VI) = q
2r
2ε2
∫
Sr
(|u|2 − 1+ κεN)2 − q2
ε2
∫
Br
(|u|2 − 1+ κεN)2.
Now considering (I)+ · · · + (VI) = 0, we get
r
∫
Sr
∣∣∣∣∂u∂ν
∣∣∣∣
2
+ r
2q2
∫
Sr
∣∣∣∣∂N∂ν
∣∣∣∣
2
+ 2E(r) = r
∫
Sr
∣∣∣∣ ∂u∂τ
∣∣∣∣
2
+ r
2q2
∫
Sr
∣∣∣∣∂N∂τ
∣∣∣∣
2
+ rE ′(r), (3.4)
where
E(r) =
∫
Br
|u|2N2 + q
2
2ε2
(|u|2 − 1+ κεN)2.
From the decay estimate (3.1), we deduce that E(r) → 0 as r → ∞, namely,∫
R2
|u|2N2 + q
2
2ε2
∫
R2
(|u|2 − 1+ κεN)2 = 0.
Since (u,N) satisﬁes (1.15), we conclude that (u,N) ≡ (0,1/κε).
Step 3. Let (u,N) be a solution of (1.6) and (1.7) with (1.16). If (u,N) satisﬁes (1.17), then it satisﬁes (1.18)–(1.20).
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and (1.7), we obtain ∇u,∇N ∈ L∞(R2). By the same argument as in the proof of Theorem 1.1, this together with (1.16)
implies that
|u|2N2, (|u|2 − 1+ κεN)→ 0
uniformly as |x| → ∞. Namely, either
|u| → 1, N → 0, or |u| → 0, N → 1
κε
as |x| → ∞. The result in the statement (i) shows that the second case cannot occur, and thus we are led to (1.20). Since
|u| → 1 as |x| → ∞, we deduce from (1.16) that N ∈ L2(R2). Thus, N ∈ H2(R2) by elliptic estimates applied to (1.7), which
achieves (1.19). If (u,N) is a solution of (1.6) and (1.7) satisfying (1.20), then one can use the maximum principle to obtain
the inequality (1.18) by employing the same argument given by Theorem 2.3 in [5]. 
Step 4. If (u,N) is a solution of (1.6) and (1.7) satisfying (1.16) and (1.18)–(1.20), then (u,N) enjoys the quantization ef-
fect (1.21).
Proof. We follow the argument of [3]. By (1.20), there exists R0 > 0 such that∣∣u(x)∣∣ 3/4, ∀|x| = R  R0. (3.5)
Hence, d = deg(u, SR) is well deﬁned for all R  R0 and is independent of R . As a consequence, we can write
u(x) = ρ(x)eiϕ(x), ρ(x) = ∣∣u(x)∣∣, ϕ(x) = dθ +ψ(x), (3.6)
where ψ is a smooth real-valued function deﬁned for |x| R0.
We claim that∫
R2\BR0
|∇ρ|2 + |∇ψ |2 < ∞. (3.7)
To this end, we see from (1.16) and (1.20) that∫
R2\BR0
(
1− ρ2)2 < ∞. (3.8)
This enables us to obtain∫
R2\BR0
|∇ψ |2 + (1− ρ)|∇ϕ|2 < ∞ (3.9)
by virtue of the same arguments of Steps 2 and 3 in the proof of Proposition 1 of [3]. Let ηR(x) = η(x/R), where η is a
smooth function satisfying that η(x) = 1 for |x|  1 and η(x) = 0 for |x|  2. Inserting (3.6) into (1.6) and taking the real
part, we get from (1.18)
ρ − ρ|∇ϕ|2 = ρN2 + q
2
ε2
ρ
(
ρ2 − 1+ κεN) N2.
Multiplying this inequality by (1− ρ)ηR and integrating it on R2\BR0 , we are led to∫
R2\BR0
|∇ρ|2ηR 
∫
SR0
∣∣∣∣∂ρ∂ν
∣∣∣∣+ 12
∫
R2\BR0
|ηR |(1− ρ)2 +
∫
R2\BR0
(1− ρ)|∇ϕ|2 +
∫
R2\BR0
N2  C
for some constant C independent of R . Here, we used (1.19), (3.8) and (3.9). Therefore (3.7) is proved.
Now let us consider the Pohozaev identity (3.4). Dividing (3.4) by r and integrating it on (0, R) for R > R0, we obtain
∫ (∣∣∣∣ ∂u∂ν
∣∣∣∣
2
+ 2 1
2q2
∣∣∣∣∂N∂ν
∣∣∣∣
2)
+
R∫
E(r)
r
=
∫ (∣∣∣∣ ∂u∂τ
∣∣∣∣
2
+ 1
2q2
∣∣∣∣∂N∂τ
∣∣∣∣
2)
+ E(R), (3.10)
BR 0 BR
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R∫
0
E(r)
r
< ∞, ∀R > 0.
Since
E(R) ↗ E =
∫
R2
|u|2N2 + q
2
2ε2
(|u|2 − 1+ κεN)2,
it holds that
1
log R
R∫
0
E(r)
r
→ E.
Indeed, given δ > 0, there exists R1 > 0 such that E − E(R) < δ for all R > R1. Hence, if R is large enough, then
∣∣∣∣∣ 1log R
R∫
0
E(r)
r
− E
∣∣∣∣∣ 1log R
{ R1∫
0
E(r)
r
+
R∫
R1
(E − E(r))
r
+ E log R1
}
 2δ.
Now let us apply to (3.10) a similar argument of Step 3 used in the proof of Theorem 1 in [3]. Then, using (3.7) and the
fact N ∈ H2(R2), we conclude that E = πd2. We omit the details. 
4. Proof of Theorem 1.3
In this section, we prove Theorem 1.3. Let g = |u|2 − 1 and f = |u|2 − 1+ κεN . We claim that
N−, g+ ∈ L2(R2). (4.1)
First, we deduce from (1.16) that∫
R2
∣∣N−∣∣2 = ∫
|u|1
∣∣N−∣∣2 + ∫
|u|<1
∣∣N−∣∣2  ∫
|u|1
|u|2|N|2 +
∫
|u|<1
| f |2  C .
Similarly, we decompose∫
R2
∣∣g+∣∣2 = ∫
N0
∣∣g+∣∣2 + ∫
N<0
∣∣g+∣∣2.
The ﬁrst term is dominated by ‖ f ‖2
L2(R2)
, while the second term is bounded by the estimate
∫
N<0
∣∣g+∣∣2  ∫
N<0
∣∣g+∣∣(| f | + κεN−) 1
2
∫
N<0
∣∣g+∣∣2 + C ∫
R2
(| f |2 + ∣∣N−∣∣2).
On the other hand, we obtain from (1.6) that
g  2q
2
ε2
|u|2(g + κεN).
Multiplying this inequality by ζn g+ where ζn(x) was deﬁned in the proof of Theorem 1.1, we are led to∫
R2
ζn
∣∣∇g+∣∣2 + 2q2
ε2
∫
R2
ζn|u|2
∣∣g+∣∣2  1
2
∫
R2
(ζn)
∣∣g+∣∣2 + 2κq2
ε
∫
R2
ζn|u|2N−g+
 C
n2
∫
2
∣∣g+∣∣2 + 2κq2
ε
∫
2
ζn|u|2N−g+. (4.2)
R R
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R2
ζn
∣∣∇N−∣∣2 + 2q2 ∫
R2
ζn|u|2
∣∣N−∣∣2 + κ2q4 ∫
R2
ζn
∣∣N−∣∣2 = 1
2
∫
R2
(ζn)
∣∣N−∣∣2 + κq4
ε
∫
R2
ζnN
−g+
 C
n2
∫
R2
∣∣N−∣∣2 + κq4
ε
∫
R2
ζnN
−g+. (4.3)
Adding (4.2) and (4.3), we infer from (4.1) that∫
R2
ζn
∣∣∇g+∣∣2 + ∫
R2
ζn
∣∣∇N−∣∣2 + 2q2
ε2
∫
R2
ζn|u|2
∣∣g+∣∣2 + 2q2 ∫
R2
ζn|u|2
∣∣N−∣∣2 + κ2q4 ∫
R2
ζn
∣∣N−∣∣2
 o(1)+ 2κq
2
ε
∫
R2
ζn|u|2N−g+ + κq
4
ε
∫
R2
ζnN
−g+ = o(1)+ (I)+ (II)
as n → ∞. It follows from Young’s inequality that
(I) 2κq
2
ε
(∫
R2
ζn|u|2
∣∣N−∣∣2)
1
2
(∫
R2
ζn|u|2
∣∣g+∣∣2)
1
2
 2q2
∫
R2
ζn|u|2
∣∣N−∣∣2 + κ2q2
2ε2
∫
R2
ζn|u|2
∣∣g+∣∣2
and
(II) κq
4
ε
∫
R2
ζnN
−|u|g+  κ2q4
∫
R2
ζn
∣∣N−∣∣2 + q4
4ε2
∫
R2
ζn|u|2
∣∣g+∣∣2.
As a consequence, we are led to∫
R2
ζn
∣∣∇g+∣∣2 + ∫
R2
ζn
∣∣∇N−∣∣2 + q2
ε2
(
2− κ
2
2
− q
2
4
)∫
R2
ζn|u|2
∣∣g+∣∣2  o(1).
Letting n → ∞, we obtain by (1.22) that g+ and N− are constants throughout R2. This implies by (4.1) that g+ ≡ 0 and
N− ≡ 0, and hence |u| 1 and N  0 on R2.
Now a short computation yields that
 f =
(
2q2
ε2
|u|2 + κ2q4
)
f + 2|u|2N2 + 2κεq2|u|2N + 2|∇u|2  κ2q4 f .
Multiplying this inequality by ζn f + , we ﬁnd from (1.16) that∫
R2
ζn
∣∣∇ f +∣∣2 + κ2q4 ∫
R2
∣∣ f +∣∣2  1
2
∫
R2
(ζn)
∣∣ f +∣∣2  C
n2
,
which shows that f + = 0. Therefore, f  0 and N  0 which are equivalent to (1.18). In the sequel, we conclude that
u,N ∈ L∞(R2).
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